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. Abstract 

Let L t := A t + Z t for a C M -vector field Z on a differential manifold M with boundary 
dM, where A t is the Laplacian induced by a time dependent metric gt differentiable in 
t G [0,T C ). We first introduce the reflecting diffusion process generated by L t and establish 
the derivative formula for the associated diffusion semigroup; then construct the couplings 
i— i" for the reflecting L t -diffusion processes by parallel and reflecting displacement, which implies 

the gradient estimates of the associated heat semigroup; and finally, present a number of 

■ equivalent inequalities for the curvature lower bound and the convexity of the boundary, 
P-i , including the gradient estimations, Harnack inequalities, transportation-cost inequalities and 

■ other functional inequalities for diffusion semigroup. 
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m. 

^ ; 1 Introduction 

en; 

t— I " The setting for our work is a differential manifold with boundary carrying a time-dependent 

| metric {gt}f£[o t c V M° re precisely, on a (i-dimensional manifold M with boundary dM and a 
one-parameter C 1,00 -family of complete Riemannian metrics {gt}te[o,T c )- For simplicity, we take 

>• ■ 

• i-H ■ the notations: for X,Y £ TM, 

X: 

Ricf (X,Y) := Ric t (X,Y) - (V t x Z t ,Y) t , 
TZf(X,Y) := Ricf (X,Y) - ±d t g t (X,Y), 

where Rict is the Ricci curvature tensor with respect to gt, (^)te[o,T c ) i s a C' 1 -family of vector 
fields, and (-,-) t ■= gt(-,-)- Define the second fundamental form of the boundary by 

I t (X,Y) = -(V t x N t ,Y) t , X,Y e TdM, 

where iVj is the inward unit normal vector field of the boundary associated with g%. Consider 
the elliptic operator Lf := At + Zt. Let Xt be the reflecting inhomogeneous diffusion process 
generated by Lt (called reflecting LVdiffusion process). Assume that Xt is non-explosive before 
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T c . In this paper, we first intend to give the derivative formula of the associated diffusion 

|Wbook2 

semigroup motivated by Wang's argument (see |i>y, Theorem 3.2.1]); then based on it, we present 
a number of equivalent inequalities involving e.g. the gradient inequalities, transportation-cost 
inequalities, Harnack inequalities, which are important quantitative measure of the effect of 
curvature Ttf and It on behavior of the distribution of the reflecting L^-diffusion process. 

When the metric is independent of t, Wang did groundbreaking work on stochastic anal- 
ysis over Riemannian manifolds with boundary, especially non-convex boundary. For exam- 

|W09a 

pie, characterizing the second fundamental form in establishing the gradient estimates, 
transportation-cost inequalities, dimension-free Harnack inequalities, and other functional in- 

|W09a ; W10 ; WPC ; WAP 

equalities on manifold with boundary (see e.g. 34736737:3^. Here, we aim to extend the 
former conclusions to our setting. Compared with constant metric case, d%gt will become a new 
important term involved in the curvature condition. 

In this paper, we will approach the announced problems from a probabilistic viewpoint. 
Before moving on, let us briefly recall some known results in the time-inhomogeneous Riemannian 

IACT 

setting without boundary. In I [I], Coulibaly et al constructed the ^-Brownian motion (i.e. the 
diffusion generated by ^A^), established the Bismut formula when (gt)t>o is the Ricci flow, 
which in particular implies the gradient estimates of the associated heat semigroup. Next, by 

IACT1 

constructing horizontal diffusion processes, Coulibaly |2JThvestigated the optimal transportation 
inequality on time-inhomogeneous space. Moreover, Kuwada and Philipowski studied the non- 
explosion of (^-Brownian motion in |^2j for the super Ricci flow, and the first author developed 
the coupling method to estimate the gradient of the semigroup in fWj. For more development 
on the research on stochastic analysis on time-inhomogeneous space. See \73\ for reviewing the 
monotonicity of /^-transportation cost from a probabilistic point; see IMS for the stochastic 
analysis on path space over time-inhomogeneous space; see l[T2"rfor corresponding results on time- 
inhomogeneous space without boundary. We would like to indicate that when the manifold 
evolves over Ricci flow, which provides an intrinsic family of time-dependent metrics, every 
calculations seem like in the case of Ricci flat manifold with constant metric. 

The rest parts of the paper are organized as follows. In Section 2, we first introduce the 
reflecting L^-diffusion processes; then prove the Kolmogrov equations for the associated semi- 
group. In Sections 3 and 4, we establish the derivative formula of inhomogeneous semigroup, 
which is further applied to the gradient estimates of the semigroup and characterizing IZf and 
It- In Section 5, some important inequalities including transportation-cost inequality, Harnack 
inequalities and other functional inequalities are proved to be equivalent to the lower bound of 
7lf and the convexity of the boundary, and in the finial section, we use coupling method to give 
a probabilistic proof of Harnack inequality and extend it to non-convex case. 

2 The reflecting Lt-diffusion process 

Let J'(M) be the frame bundle over M and Ot{M) be the orthonormal frame bundle over M 
with respect to gt- Let p : J~(M) — > M be the projection from J-(M) onto M. Let {e a }^ =1 
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be the canonical orthonormal basis of M. d . For any u E J-(M), let Hj(u) be the V* horizontal 
lift of uei and r=i be the canonical basis of vertical fields over F(M), defined by 

V a ,p(, u ) = Tl u (exp(E a! p)) , where E a ^ is the canonical basis of .Md(R), the d x d matric space 
over R, and l u : G/^(R) — > J~(M) is the left multiplication from the general linear group to 
T(M), i.e. Z u exp(£ Qi/3 ) = uexp(^ aj/9 ). 

Let Bt := (B^,Bf, • • • , B^) be a Revalued Brownian motion on a complete filtered proba- 
bility space (O, {#i}t>o,P) with the natural filtration {^t}t>o- Assume the elliptic generator 
Lt is a C 1 functional of time with associated metric gt- 

L t = A t + Z t 

where Zt is a C ' vector field on M. As in the time-homogeneous case, to construct the Lj- 
diffusion process, we first construct the corresponding horizontal diffusion process generated by 
^Ot(M) + H% by solving the Stratonovich stochastic diffusion equation (SDE): 

f d 1 

du t = V2^H\(ut) o dB l t + fl^(«t)dt - -^% t (« t e i) « t e i )F i)i (« t )dt + H^u^dk, 

* i=i y 

u E O (M), 

where Aq^m) is the horizontal Laplace operator on Ot(M); H% (ut) and ffj^ are the V* hor- 
izontal lift of Zt and iVj respectively; ^ is an increasing process supported on {t > : Xt := 
put G <9M}. By a similar discussion as in ^"Proposition 1.2], we see that the last term promises 
ut G Ot(M). Since (-ffL)te[o,T c ) is a C 1,1 -family vector field, it is well-known that (see e.g. flU) 
the equation has a unique solution up to the life time ( := lim ( n , and 

n— »oo 

Cn ■= inf{t G [0, T c ) : p t (pu ,pu t ) >n}, n> 1, inf = T c , 

where pt(x,y) is the distance between x and y associated with g t . Let A" t = put. It is easy to 
see that Xt solves the equation 

dX t = V2u t o dB t + Z t {X t )dt + ^V t (X t )d/ t , X = x := pu 

up to the life time (. By the ltd formula, for any / G Cq' 2 ([0, T c ) x M) with AT t / t := N t ft\dM = 0, 

f(t,X t )-f(0,x)- f (d s + L s )f(s,X s )ds = V2 f ( U J 1 V s f(s,-)(X s ),dB s ) s 
Jo Jo 

is a martingale up to the life time £. So, we call Xt the reflecting diffusion process generated by 

Lf. When Z% = 0, then := is generated by \At and is called the reflecting ^-Brownian 

motion on M. 

2.1 Kolmogorov equations 

In this section, we introduce the Kolmogrov equations for P s j, the inhomogeneous semigroup 
of the reflecting diffusion process generated by L t . Let 

¥ N (L) = {f(t,x) G C 1 ' oo ([0,T c ) x M),N t ft\ d M = 0,L t ft E # 6 (Af)}. 
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Here and what follows, in some place, we write ft = f(t, •) or gt = g(t) for simplicity. Assume 
that Xt is the reflecting L^-diffusion process, we claim that F(t,x) = Pt^fix) is the unique 
solution to the Neumann heat equation 



d t F(t,x) = -L t F(t,x), N t F(t,-) = for all t G [0,T], F(T, •) = /. (2.1) caucliy2 

|W09a 

To this end, we need the following two lemmas and they are essentially due to P^jT 

211 Lemma 2.1. For any x G M and tq > 0, and Xt is the reflecting Lfdiffusion process with 
Xq = x, Then, 

(1) for any to G [0,T C ) ; there exists a constant c > such that 

F x {a r <t)< e~ cr2/t , r G [0, r ), t G [0, 1 A T c ] 
holds, where a r = inf{s > : pt (X s ,x) > r}. 

(2) there exists a constant c\ > such that 

F x {d r <t)< e~ cir2/t , r G [0,r ], t G [0, 1 A T c ] 
holds, where a r = inf{s > : p s (X s ,x) > r}. 
Proof. For (1), since we use the ltd formula for pt (x,Xt), where the metric is fixed, the proof 

|W09a 

is similar as in |3?, Proposition A. 2], we omit it here. Note that when (dM,gt) is non-convex 
for some t G [0,T C ), let (j) G C b 1,o °([0, T c ) x M) such that for any t G [0,T C ), <j) t := <p(t, •) > 1 and 
dM is convex in B t (x,ro) under g t := 4>^~ 2 gt, where B t (x,ro) is the <?t-geodesic ball with center 

IW07 

x and radius rQ. For the existence of (ft, see e.g. I[33]. 

For (2), it also leaves us to prove the convex boundary case. Note that there exists a constant 
C\ > such that 

L tP 2 t {x,-){y) = 2pt{x,y)L t p t (x,-)(y) +2p t (x,y)d t p t (x,y) + 2 < C x 

holds on Ute[o l] W x Bt(x,r). Due to this inequality, the following discussion is similar as the 
case with constant metric. □ 

212 Lemma 2.2. Let x G dM, and let a T be the same as in Lemma ^.l\ for a fixed r > 0. Then 

(1) E x e xltA *r < oo, for any A > 0. 

(2) E x l tAar = 2£ + OO 3 / 2 ) holds for small t > 0. 

Proof. Let h G Cq' 00 ([0,T C ) x M) be the non-negative such that h(t,-)\sM = and N t ht = 1 
holds on D := {(t, x) : t G [0,T c ),x G B t (x,r)}. Since pf , the ^-distance to the boundary, is 
smooth on a neighborhood of dM. ht can be constructed such that ht = pf in a neighborhood 
of dM n B>t(x,r). Note that (Lf + dt)h(t,x) is bounded on D, the remainder of the proof is 

|W09a 

similar to that of I'M, Theorem 2.11. □ 
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2tl Theorem 2.3. For f G ^tv(-L), the following forward Kolmogorov equation holds, 

-P St tf(t,x) = P Stt (L t f + d t f)(t,x), 0<s<t<T c . (2.2) [fK^T 

For / G SSb{M), there hold 

(1) £/ie backward Kolmogrov equation 

-j-Ps,tf = —L s P s ,tf\ 
as 

(2) iV s P s>i / = 0,/oraH < s < t < T c ; 

(3) letO<t<T c and ip G C b 2 ( [inf /, sup /] ) . If\VR t f\. is bounded on [0,t] x M. Then 

Ap ^(p st/ ) = p 0s «(P Sit /)|V s P s , t /|2) , s G [0,t]. 

Proof, (a) The first assertion follows from 

P s>t f(t, x) = f(s, x) + I P s , r (L r f + d r f) (r, x)dr. 

J s 

To prove (1), it suffices to consider x G M° := M \ dM and s = 0. Let ro > be such that 
B (x,r ) G M °> and take h e C ™( M ) such that 

h\B (x,r /2) = and ^iBo^sr'o)' 1 = °- 

By the ltd formula, we have 

d(hP s , t f)(X s ) = dM s + U s (hP Sit f) + h^P s ,tf] (X s )ds. 



Then, 



sio s sio s J [ dr J 

= \L r {Pr,tf) + ^Pr,tf\ r=0 ^ (*)■ (2.3) 



2el 



On the other hand, by Lemma | 

E*(hP Sjt f)(X s ) - P , t f(x) = E x ((h - l)P s ,tf)(X s ) < \\f(h - l)|Ue- c / s , s G (0, 1] 



holds for some constant c > 0. Combining this with we conclude that 

^Pr,J(*)| r=0 = -LrPr, t /(x). 

(6) Let x G M. If N s P s4 f / 0, < s < t < T c . For instance N P 0)t f(x) > 0, there exist 
ro > 0, small t > to > and e > 0, such that N r P r jf(x) > e holds on F# r (s, 2ro) and r G (0,io)- 
Moreover, we assume / > 0. Let h G C°°([0, F c ) x M), < /i < 1 such that 

-/V r /l r = 0, /l r |_B r (ic,ro) = 1 an d ^r|_B r (x,2r ) c = °- 



By the Ito formula, 

E x (h s P Sit f(X s )) =P ,tf(x) + f Pi 

Jo 

+ E X [ h r N r P r}t f(X r )dl r . 
Jo 

pi 1 

Moreover, by Lemma u. li 2). 



L r {h r P rt f) H — - — • P r ,tf + h r —P r tf 
dr dr 



(x)dr 



(2.4) |2eq3 



E s (/i s P Sit /)(X s ) - P , t /(x) =E !r ((/ i - l)P s>t f)(X s ) < \\f(h - l)||ooP"« < s) 

<!!/(/» -l)||ooe- c/s , s€(0,l] 



and 



1 



dh r 



L r (h r P T jf) + — j— • P r ,tf + h r —P rj tf 



lim- / P ,r 
40 s Jo 

--L P 0>t f + -^\ r=0 P r> tf + d r \ r=Q h(r,x) = 0. 



(x)dr 



The last equality comes from (1) and h(r,x) = 1. Combining this with (|b.4j) we arrive at 

e lim -E x W < 0, 

s^O S " 

which is impossible according to Lemma 1^21 

(c) Combining (1), (2) and the ltd formula, there is a local martingale M s such that 

diP(P s>t f)(X s ) =dM s + {L s rP(P s>t f) - iP'(P S:t f)L s P s , t f}(X s )ds 
=dM s + {i,"{P s , t f)\V s P s , t f\ 2 s }{X s )ds, s G [0, t], 



where 



dM s = V2(V s ^(P s , t f),u s dB s ) s , s G [0,t]. 



Since |V'P.^|. is bounded on [0,t] x M and ifi G C|([inf /, sup/]), M s is a martingale. Therefore, 
Po,MPs,tf) = Et/;(P Stt f)(X s ) = z/»(P 0)t /) + f P , r {V/'(P s , t /)|V'P M /|;!}dr. 

JO 

We end the proof. 



□ 

By Theorem \\z.6\ we see that Pt,r/ is the unique solution of (jb.lp ^ ' Consider the usual 
Neumann problem, 



d t u(t,x) = L t u(t,x), x G M, t G [0,T], 

n(0,x) = /(x), x G M, 

N t u(t,-) = 0, xedM, te (0,T]. 



(2.5) cauchy 



The following result give the unique solution of it. 



2cl Corollary 2.4. Lei X/ 6e a reflecting L^_ t y diffusion process. Suppose that X is non- 
explosive before T. Let P s j be the inhomogeneous semigroup. For some f G 3S\,(M), F(t,x) := 

chjr 



PT-t,rf(x) is the unique C -solution to l\U.b\) . 
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3 Formulae for TZf and I t 



Bis 



In this section, we first give the derivative formula for the Neumann semigroup, which extends 

|Wbook2 |Hsu02 

the result of Wang |i»y, Theorem 3.2.1] or Hsu pTpTheorem 5.1] when the metric is independent 
of t and dM ^ 0, and Cheng l[T7p^Theorem 3.1] for time-inhomogeneous manifold without 
boundary; then apply it to characterizing 1Zf and It. 

3.1 Derivative formula 

First, we introduce some basic notations. For u G J-(M), let 7lf(u) and It(-u) be M. d ® Re- 
valued random variables such that 

K?(u)(a,b) = K?(ua,ub), I t (u)(a,b) = I t (P d ua,P d ub), a,b G R d , 

where for any z G dM, Pq : T Z M — > T z dM is the projection operator. Our main result in this 
section is presented as follows. 

Theorem 3.1. Let < s < t < T c and u G O (M) be fixed, and let K G C([0,T c ) x M) and 
a G C([0,T c ) x dM) be such that K? > K(t, ■) and I t > a(t, ■). A ssume that 



sup E^exp 

«e[s,t] 



K(r,X r )dr- / a(r,X r )dl r 

J s 



< OO. 



(3.i) [2^r 



Then there exists a progressively measurable process {Q s ,r}o<s<r<T c on R d ® R d such that 



Qs,s = I, \\Qs,r\\ < exp 



K(u,X u )du - / a(u,X u )dl u 



r G [s,t], 



and for any f G Cl(M) such that |V S P S) ./| S is bounded on [s,t]xM, and h G C l ((s,t)) satisfying 
h(s) = 0,h(t) = 1, there holds 



W^VVW =E{Ql t u; 1 V t f(X t )\X s = x} 

= ±Rtf(X t )J h'(r)Q* s>r dB r \X s 



(3.2) 



Proof. Without loss generality, we assume s = 0. And simply denote Qqj by Q t . The essential 
idea is due to l {T6l Theorem 4.2] for the case with constant metric. 
(1) Construction of Q s . For any n > 1, let solve the equation 

-K^u^Q^ds-Uu^Q^dls 

-l(n + 2(a(s,X s ))+) ((Q^uJ 1 ^) {uJ l N s ) dl s , 



dQ^ 



Qo = I. 

It is easy to see that for any a G M. d , 

d\\Qt ] af = 2(dQ^a,Qt ] a) 

= -21l z s {u s Q^a,u s Q^a)ds - 2I s (P d u s Q^a, P d u s Q^b)dl s 
- (n + 2a(s, X s )+) (u s Q^a, N,)* dl s 

< -2||Q(")a|| 2 [K(s, X s )ds + a(s, X s )dl s ] - n (u s Q^a, N s ) 2 dl s , 



2Bis 
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where || • || is the operator norm on M d . Therefore, 



IIQi n) ll 2 < 



cxp 



-2 / K(r,X r )dr-2 / a(r,X r )dl r 
Jo Jo 



< oo, 



(3.3) 2eql 



and for any m > 1, 



lim E x 

n— Kx> 







< lim ( - + -E x 



2\\Q ( i l) \\ 2 [\K\{s,X s )ds + \a\{s,X s )dl s \ = 0, (3.4) [2^2 



where the second equality follows from Lemma b. II (2), (jl3.3|l and the boundedness of K and a 
on B t (x,m). Combining this with (|Cj.3|) and (|lcS.i|) . we see that 



su P \e x [ \\Q^\\ds + E x \\Q^ ) \ 
n>l I Jo 



< OO. 



There exists a subsequence {Q nk } and a progressively measurable process Q such that for any 
bounded measurable process ( l p s ) s e[o,t] on ^ an d any Revalued random variable rj, there holds 

lim (e* f{Qf k) - Q s )^ s ds + E x (Q^ k - Q t ) V ) = 0. 
(2) Proof of the first equality. Following form the proof of l[T2', - Theorem 3.1], we have 



Now for any a £ 



d(dP s>t f)(X s ) =V s UsdBs (dP s , t f)(X s ) + Ricf(-, V s P s , t f(X s ))ds 
+ V s Ns (dP s , t f)(X s )dl s . 

D s u s Q^a = - Ricf KQ£ n) a, -)ds - I s (P d u s Q^a, -)dl s 

-\(n + 2a(s, X s ))+ (jV„ u»Q< n) a) {N s , •) s dl s . 



(3.5) 



Then by Lemma 1X2T 2) . 

d(dP s>t f)(X s )(u s Q^a) =Ress s Pstf (u s Q^a,u s dB s ) + Hess^ s tf (u s Q^a, N s )dl s 

- UP d u s Q^a,V s P s , t f(X s ))dl s . 

Since for any v 6 T z dM, z G dM, we have 

= v(N s ,V s P s , t f) s (z) = (V s v N s ,V s P s , t f) s (z) + Ress Pstf (v,N s ), 

which implies 



ReBa'p f {v,N„) = Uv,V s P s , t f)(z). 



We arrive at 



d(v s P s , ( /(I s ), U 4 n »a; 
= Hess^ tf (u s Q^a,u s dB s ) + Hess^ f (N 8 , N s ) (u s Q^a,N s ) dl s 



Combining this with lpA\) and the boundedness of |V'P. t/|. on [0,t] x M, we obtain 



(V°P ,tJ>oa} = lim lim E* (v tA ^P tA £ m , tf(X tA< J, u tA(m Q 



)( n k) 



tA(„ 



lim lim E*{l {t<(m} (vV(*t),^Q! nfc) a) ) 
(V*/(X t ),«tQta> t . 



This implies the first equality. 

(3) Proof of the second equality. Since by the Ito formula, we obtain 



dP S}t f(X s ) = V2(V s f(X s ),u s dB, 



Therefore, we have 



So for any a G M. d and m > 1, it follows from 
that 



f(X t ) = P ,tf(x) + V2 f (V s P s , t f(X s ),u s dB s ) s . 

Jo 

t5.4f) and the boundedness of {\^ s P s ,tf\r} r e[s,t] 



ds 



-J=E* |/(X t ) jT* fc'(s) (Q s a, dB s ) Rd | = E a ' U* h'(s) (u s Q s a, V s P s , t f(X s )) s ds 

= Urn W U ti(s) (u 8 Q^a, V s P s , t f(X s )) ^ 

= lim lim f h\s)E x U A<m Q^ m ,V sA ^P sAU 4(X sA ^ 

= / h'(s)(u Q a,V°P ,tf(x)) ds 
Jo 

= (V°P , t f(x),u a) . 
We complete the proof. 



2Bismut 



□ 



Next, combining the above argument with the proof of Theorem Il3.ll we have the following 
local version of derivative formula of P s j- 

Theorem 3.2. Let < s < t < T c . Assume TZ^ > K(r,-) and I r > a(r, •), for some K G 
C([0,T c ) x M) and a G C([0, T c ) x dM). Let x G M and D be a compact domain of [s,t] x M 
swc/i that (s,x) G D°, Zei Try be the first hitting times of (t,Xt) to dD, where X s = x. Then 
there exists a progressively measurable process {Qs,r} r e[s,t} 071 ^ d ® with 



\\Qs,r\\ < exp 



r/\r D 



K(u, X u )du 



rAr D 



a(u,X u )dl u 



for all < s < r < t 



such that for any WL + -valued process h satisfying h(s) = 0, h(r) = 1 for r > t A To and 
E( h'(r) 2 dr) a < oo for some a > 1/2, there holds: 

uJ^Psjfix) = -±=E lp tATDjt f(X tATD ) J* h\r)Q* >r dB r \X s =x\, f G # 6 (M). 
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3.2 Formulae for IZf and I f 

Due to the Derivative formula, we have the following characters about TZf and It with a similar 
discussion as that in the case with constant metric, where the formulae for IZf is essentially 
due to ftT and fir, F^ropostions 2.1 and 2.6]; the formulae for second fundamental form were first 
proved by WangfsTT ]. 

4tj | Theorem 3.3. For s G [0,T C ), let x G M° and X G T X M with \X\ S = 1. Let f G C£°(M) suc/i 
that N s f\gM = and V s / = X, and let f n = f + n. Then, 

(1) /or any p > 0, 

^, T) _ ta fyvV!MHV2^SW. (3 . 6) ^ 

4s p(i — s) 

(2) for any p > 1, 

Kf(X,X) = lim lim-i- ( ^f"'^™ " |V s Ps,t/„| 2 | (s) 
n-»oo 4s t — S I 4(p — lj(r — sj 

= lim lim J- f Ps, t |VV|f " Pi Y 2n ~^\ n I ( 3 - 7 ) L^J 

n->oo s J.t E — S I 4(p — lj(E — S) 

(3) TZg(X,X) is equal to each of the following limits: 

lim ]jm-J—{(P t f n ) [P a , t (/ n log/ n ) - (P Sji /„) log P S)t / n ] - (t- S )|V S P M /|2} (x). (3.8) [4=2 

n->oo 4s [t — S) z ' 

lim lim 1 {4(t - S )P Sli |VV|? + (Ps,J n 2 ) log P,*/ n 2 - P M / 2 log/ 2 } (x). (3.9) [5=2] 

n.-s>oo 4s 4(t — Sj z k 

Proo/. Let r > be such that B (x,r) C M° and |V*/|t > \- Due to Lemma the 
proof of l[T27~^rheorem 3.4] also works for the present setting by replacing s by s A o~ r , where 
a r := infjs > t : X s ^ Bq(x, r)}. So that the boundary condition need not to be considered. □ 

II-form| Theorem 3.4. For s G [Q,T C ), let x G dM and X G T X M with \X\ S = 1. Then for any 
f G C£°(M) sw/i iforf V s f(x) = X, 

I S (X, X) = lim ^-J= {P., t | V*/|? - |V S /|?} (*) 

= lim — 1= {P M |VV|? - |V s P s , t /|?} (s), p > 0. 
4s 2pvr — s 

If moreover f > 0, raen /or p G [1,2], 
where when p = 1, we ser 

(p, t / 2 /p - p, t / 2 )p (p s ,tf 2/p r - p,t/ 2 

2 = lim 1 1 

p — 1 pj.1 p — 1 

= (P Sii / 2 ) log P s , t / 2 - P M (/ 2 log f 2 ). 
10 



Proof. By using Lemma b.il and Lemma \\Z.'Z\ the proof is similar as in time-homogeneous case. 

WSe IWbook2 

We refer the reader to |3o", Theorem 1.2] or Theorem 3.2.4] for details. □ 

4 Coupling for reflecting L r diffusion process and gradient esti- 
mation 

In this section, we first introduce the coupling for the reflecting L^-diffusion processes and then 
apply to the gradient estimations of the inhomogeneous semigroup. Let Cutf(x) be the set of 
the gt cut-locus of x on M. Then, the gt cut-locus Cutt and the space time cut-locus CutsT are 
defined by 

Cut* = {(x,y) G M x M | y G Cut t (x)}; 
Cutsx = {(t,x,y) G [0,T C ) x M x M \ (x,y) G Cut t }. 

Set D{M) := {(x, x)\x G M}. For a smooth curve 7 and smooth vector fields U, V along 7, the 
index form L^(U, V) is given by 



I?(U,V) = J [(V\UM / V) t - (R\U,^)^V) t ) ( 7 ( S ))d S , 

where B} is the Ricci tensor with respect to gt- 

For (x, y) ^ Cutt, let {4}f=i be Jacobi fields along the minimal geodesic 7 from x to y with 
respect to gt such that at x and y, { J|, 7 : 1 < i < (f — 1} is an orthonormal basis. Let 

d-l 

I t z (x,y) := £#(4,4) + Z tPt (.,y)(x) + ■)(?/). 

i=l 

Moreover, let P* y : T X M — > T y M be the ^-parallel transform along the geodesic 7, and let 

M^ y : T.M -> T.M; « m- i* - 2 ( v , 7 > t (x) 7 (y) 

be the mirror reflection w.r.t. gt- Then P* and M* are smooth outside Cutt and D(M). For 
convenience, we set P* x and M* x be the identity for x 6 M. 

To apply the derivative formula in Theorem \U.L\ we have to verify in advance the boundedness 
of |V'P..t/|. on [0,i] x M. So, we first present a sufficient condition for it. To this end, we shall 
make use of the coupling by parallel displacement. If (dM,gt) keep convex on [0, T c ), named 
convex flow, we have Ntpt(o, -)\dM < for any inner point o G M, and the distance between 
two different points can be reached by the minimal geodesic w.r.t. gt. Therefore, by a similar 
discussion as in eorem 4.2], we have the following result. 



coupling Theorem 4.1. Assume It > 0, i £ [0, T c ). Let x 7^ y and < T < T c be fixed. Let U : 
[0,T] X M X M -> TM 2 be C 1 -smooth in (Cut ST U [0, T] x D(M)) C . 

(1) There exist two Brownian motion Bt and Bt on the probability space (Q, {^t}t>o>P) swc/i 

1 {(X t ,x t )^Cut t } djB * = 1 {(X t ,X t )^Cut t } n t lp x t ,x t UtdBt 
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holds, where Xt with lift Ut and Xt with lift ut solve the equation 

'dX t = V2u t o dB t + Z t (X t )dt + N t {X t )dl t , X = x, 

_ (4.1) ^4 

dX t = V2u t o dB t + {Zt(X t ) + U(t,X t ,X t )l {Xt ^ t} \dt + N t (X t )dl t , X = y, 

where It is the local time for Xt . Moreover, 



dpt(Xt,X t ) < ^Jd t g t (j(s),j(s))ds + lf(X t ,X t ) 



+ U(t, XuXt^ptiXt, -)(X t ) l fx ,*\ > dt - ( 4 - 2 ) 3e5 



{x t ^x t }} dt - 



(2) The first assertion in (I) holds with M* - in place of P* T > . In this case, 

v ' x t ,x t r J x t ,x t 

dpt(X t ,X t ) < 2V2dbt + d t g t (i(s),'y(s))ds + if (X t ,X t ) 

+ (u{t,X u X t ),V t P t(X u -)(Xt))l {Xt ^ Xt} }dti (4-3) 
holds for some one- dimensional Brownian motion bt- 
4.1 The gradient estimates 

By using the coupling with parallel displacement, the following gradient estimate is direct. See 

IQian . W97_ Icheng 

e.g. \2U, 3UfTbr the case with constant metric and see also |T^fibr the inhomogeneous case 
without boundary. 

2t3 Theorem 4.2. Assume 

Tlf > K(t), for some K G C([Q,T C )) and I t >0, t G [0,T C ) (4.4) [cvT 

holds, then 

|V s P S)t /| s < e-/^M dr P M |V*/|t, / G C l b {M), 0< s <t<T c . 

If (dM,gt) keep convex, i.e. It > 0, i £ [0, T c ), we call the metric flow is convex flow. If it 
is not a convex flow, combining Theorem lUl^l with the conformal change of metric to make the 
boundary from concave to convex, we have the following result. Since for d = 1 a connected 
manifold with boundary must be an interval, which is thus convex, in what followings, we only 
consider d > 2. Let 

f = {^C 1 ' oo ([0,T c )xM):inf^ = l, I t >-JV t log&}. (4.5) [F 

W07 



Then, by |33; Lemma 2.1], let ^ G S>, gt := (ftfgt is a convex flow. 
| PI | Proposition 4.3. Let d > 2 and 

Ricf > Kx(t), d t g t < K 2 (t) for some K X ,K 2 G C([0,T c )). (4.6) [CV2 
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If there exists <fi 6 & such that 

K^it) := MitfK!® + X -L t <g - |Wf]t • \Zt\t ~(d- 2)|Wt|?} > -°°5 
K^ 2 {t) := sup{-2d t log0 t + K 2 {t)} > oo. 

M 

And define 

K^t) := Kyt) + K^it) + 2\\<kZ t + {d- 2)VVt||oo|| VVtlU + [d- 2)||VVt||L 

then for any f £ C£(M), 

|V S P M /U < ll^l|oo||VV||ooe^^ (r)dr , < a < t < T c . 

Proof. Let A t and V* be the Laplacian and gradient operator associated to gt = 4>^ 2 gt- Accord- 
rrw 

ing to l[29, (2.2)], 

<£ 2 L t = V' + Z t , Z t = <f> t Z t + ^-V t <ft. 

Pess |FWW 

By ^Theorem 1.129] and © (3.2)], for any X G TM such that <? t pf, Jf) = 1, i.e. \X\ t = <j> t , 
we have 

mc t (X,X) = Ric t (X,X) + (d-2)<f>t 1 BGBB t lh (X,X) + ^V^ 2 - (d-2)|VVt| 2 , 

and 

&(V^t, X) = <V^Z t , X> t + 2 (V* log </> t , x) t (Z t ,X) t 

+ (d- 2)&- 1 Hes4 ( X ' X ) + ( d - 2 ) < X > V * lo S &>? 

Therefore, noting that \X\t = (f>t, 

Ricf (X, X) = mc t (X, X) - ~g t (^xZuX) 



Ricf (X, X) + ^L t (ff - 2 (V* log & ,X) t (Z t , X) t - (d - 2) (X, V* log 4>t) 2 



2 



> i^)0 2 + 1l^ 2 - |VV?|t • l^tlt - (d - 2)|VVt|f 



and 



d t g t (X,X) = d t (<Pt 2 g t )(X,X) = (d^ 2 )^ 2 + fc 2 d t g t (X,X) 
> -d t log fa + K 2 (t) >K^ 2 {t). 

Since L t = c/>^ 2 (A* + Z t ), then {-P s ,t}o<s<t<T c is the inhomogeneous semigroup for the solution 
to the SDE: 

d T X t = cpt'utdBt + <Pt 2 Z t (X t )dt + N t (X t )dk, 
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where di denote the Ito differential on M. In local coordinates the Ito differential for a continuous 



semi-martingale Xt on M is given by (see e.g. ljT3]7 



1 d 

(djx t ) k = dx t k + rUt,x t )d (x\xi) t , 1 < k < d, 

where T k -{t,x) are the Christoffel symbols w.r.t. gt- Let Xt solve above SDE with Xq = x, and 
let Yt solve 



d/y t = ^p^yutdBt + 4 - 2 z t (y t )dt + N t (Y t )d! t , 

for Yo = y, where It is the local time of Yt on <9M. (Xt, Yt) is the coupling by parallel displacement 
of the reflecting Lt-diffusion process. Moreover, dM is convex under gt, then by the second 
variational formula and the index lemma, for t G [0, T c ), 

dpt(X t ,Yt) < (^(Xt)-^ 1 ^))-^^ 

where = ^ 1 (t) + 2||^Z i + (d-2)VVt||oo||VVt||oo + (^-l)||VVi||^ + ^, 2 (0- ^ addition, 

4>t > 1> we therefore have pt < < ||0t||ooPt, which implies 



M*t,y t ) < ||^||ooe /o< ^ (s)ds po(^?/), o < i < T c 



Because 



P t f(x) - P t f(y) 



Po(x,y) 



U{X t )-f{Yt) Pt {Xt,Yt) 
[ p t (X t ,Y t ) po(x,y) 

< ||VVl|oc||^||ooe^M ds , 



we obtain the result directly. 



□ 



! Corollary 4.4. Assume (p4.b|) holds, if there exists <f> G 3> such that K^t) < oo for < s < t < 
T c , then 



\v s p s , t f\ s < \\Moo(p.M^ fit 'r }/p « 



t f |P/(p-l)^(p-l)/p„-/*(^l-|^2+xi rt )(«)d« 



holds for p G [l,oo) and K^\r) := inf{^ r 1 {L r (f) r ) + 9 r log r — (p + l)|V r log <p r \r}- Moreover, 



|V s iW| 2 < - 



-2 e 2r(^i-^2+4 2) )(r)dr du 



P M / 2 , 4 6 [0,T C ), fe^ b (M). (4.7) 



Proof. Without loss generality, we consider s = for simplicity, 
(a) By the Ito formula, we have 



; p (x t ) = (v^iXtlutdBt) + (L t <p; p (x t ) + d t fc p (x t ))dt + N t ^ p {x t )di t 
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So M t := 4> t p {Xt) exp p J* * K^\s)ds + p N s log(p s (X s )dl s is a local martingale. Thus, by 
the Fatou lemma, and noting that </>t > 1, 



E 



\X t )exp 



t ft 

ip). 



<]immfE x \fc p (X tACn )exp 
< O P (^) < 1- 



p/ K%\s)ds+p N 8 logMXs)dh 

J 

p/ K^\s)ds + p N s \ogct> s {X s )dl s 



Therefore, 



E x exp 



p / AUog0 s (X s )d/, 
o 



< ll^HSoe- 



t > 0. 



(4.8) f^o" 



Since It > — iVt log 0t, by combining this with Theorem la. Tl for a(t, 
tion lloi we obtain 

\V°P , t f\ p Q (x) < (Po,t\V t f\ p t /(p - 1) )^ 1 \x)E x \\Q t \\P 
<(P , t |V t /l? /( ^ 1) (x)) (p - 1) E^exp 



-iVj log (j) t and Proposi- 



p^ {K 1 (s)-^K 2 (s)\ds+ P ^ N s logMXs)ds 



<||^||^(i'o,t|V t /|? /( ^ 1) )( p - 1 )(s)e-PJ2t Kl -5^+ Jf *)W d ». 

Therefore, the first inequality holds. 
(6) Take 

, n _ /oll^ll^ 2j ' r( ^-^ 2+ < ))(r)dr dn 

JJ||^[|»V^-^> + ^w*dti' 

Then the following inequality follows from the second formula in ([j^ and (pSo}) for p = 2, 

f2 



s € [0,*]. 



iv°p ,/ig<^E / ft'(*) 2 iiQ.ird* 

1 Jo 



2 Jo { K ^-\ K * + K T) ^ dr 



ds 



< 



1 



-2 S/^^-i^+xf )(r)dr 



du 



Po,tf z 



□ 



Recall that pf (cc) is the distance between x and dM w.r.t. gt. Let Sectt be the section 
curvature of M under gt. We want to present an explicit construction of <fi £ C^' 2 ([0, T c ) x M) 
under the following assumption, which is trivial when M is compact. 
(Al) At least one of the following holds: for t £ [0, T c ), 

(i) <9M is convex under gt; 

(ii) It is bounded, dtgt is bounded above and there exists ro > such that on the set <9* Q M := 
{x 6 M : pt(x) < ro}, pf is smooth, 9tgt and are bounded, and Sectt is bounded above. 
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Under the assumption (Al), we will be able to construct the desired function <j) t by pf. 

(p) 

Thus, as to calculate and KY, we shall make use of the Laplacian comparison theorem. For 
any 0, k, a G R + , let 

Q 

h[s) = cos(Vks)--= sin (Vks), s>0. (4.9) \h\ 

V ft* 



Then h 1 (0) = k l l 2 arcsin -/gp ■ Moreover, let 

5 = 6(r ,a,k,9) 



(7(1 - /i(r )) 



d-1 



(4.10) 



J^(*00-fc(ro))««-W 

2t4 1 Theorem 4.5. Assume (Al) /joZds and /or any [s,t] C [0, T c ), let K G C&([s,t] x M) and 
<7 € Cfo([s,t] x dM) such that 

T^z > K(t,-) and I t > a(t,-), for t G [0,T C ), (4.11) 

(1) there exists a progressively measurable process {Q s ,t}o<s<t<T c on M. d x W 1 such that 

K(r,X r )dr- [ a(r,X r )dl 



delta 



Q StS = I, \\Q s ,t\\ < exp 
and for any h G C 1 ([s,t]) such that h(s) = 0, h(t) = 1, and for any f G C^(M), 
uJ^'Ps^Hx) = E{Q*. t v^ 1 V t f(X t )\X s = x} 



eU^- j\'(r)Ql tr dB r \X a = x\. (4.12) 



(2) let K and a belong to C 1 ([0, T c )), and let I s < 9(s), Sect s |gs m < k(s) hold for all s G 
[0,T C ). Let 9 m = sup se[0ji] 9(s), k m = sup s6[0ji] k(s), a m = sup se[0ji] a(s). Then ()& 
and 



E*exp 



p / a(s)dl s 



< Ht\\ p oce~ pI ° * {s)ds , xeM, t>0 



(4.13) 



hold for Kf> = 0and(j)=lifl s >0fort£ [0, T c ), and for 



\o,t] ~ °~{ ,t] SU P (\ z »\» + r o d s9s) - (p+ l)(o- [0i t 



and 



1 + S M I (h(r) - h(r )) l - d dr I (h{u) - h(r )) d - L du < 1 + 



'•0 



\d-l. 



>[0,t] 



where h, 5[ 0) t] are defined as in (|B,9p and (|H.lU|l where a,k,9 are replaced by <7[ ,t] j &[o,t] > ^[o,t] ; 

\/ fc [0,t] 



— 1/2 

if (ii) in (Al) holds with rn < k, n L arcsin ■ 



Proof. According to Theorem lb. 11 it suffices to prove (2). Moreover, by Theorem 4.2, when 
{gt}tE[a,T c ) i s a convex flow, the desired assertions follow immediately by taking = 1. So it 
remain to prove (2) for non-convex flow case. Let <p s = ip o p®. For simplicity, we will drop the 
subscript [0, t]. 



<f>(r) = 1 + 5 {h(s) - hiro^ds / (h(u) - /i(r ))^ 1 dn. 



rArQ 



I'd 



sArg 



CV3 
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By a approximation argument we may regard <fi as C°°-smooth. Obviously, cj) > 1, N s log(j) s = 
—o~ > Isj s £ [0, t]. Since <f>' > 0, according to the Laplacian comparison theorem for (see 



uel. Kasue2 

\ \ZL\), wenave 



A.# > ( ^ ^— + y>" ) {p a s ) >6, sG [Q,t]. 



Since \V S log <^> s | s , \Z a \ s , d s g s are bounded on d ro M, this implies that K ( j ) (s) > — oo. Noting that 
ip" > 0, we have 

-j-L 8 & + 8 S log 0, - ^±I|V^ S | 2 >-6 + <p'(0) sup (|Z 8 | a + d s g s r ) -{p+ l)^'(O) 2 

= -5 -a sup (\Z S \ S + d s g s r ) - (p + l)o" 2 . 

9r M 

Therefore we complete proof by combining this with (p4. Y|) and (f4.8j) . □ 

5 Equivalent inequalities for curvature conditions 

In this section, we present the gradient estimates for the curvature conditions, i.e. the lower 
bounds of TZf and It , which is an expansion offlXTh eorem 4.3] for the inhomogeneous manifold 
without boundary. This part is mainly based on f§fl Theorem 1.1] for the case when the metric 
is independent of t. 

4t2| Theorem 5.1. Assume p G [l,oo), p = pA2. Then for any [s,t] C [0,T C ), K G C b ([s,t] x M) 
and a G Cb([s,t] x dM), the following statements are equivalent to each other: 

(1) (FTTD holds, for any < t < T c . 

(2) \X7 s P S:t f(x)\ p s <E{|V*/|?(^)exp[-p J s * K(u, X u )du - p J* a(u, X u )dl u ] \X S = x} holds for 
x G M, and < s <t < T c , f G C£(M). 

(3) For any < s < f < T c , x G M and positive f G C£(M), 

^ [fi ' t/2 4( ~^ /1/P)P] < E||VVlt 2 (^0^" 2/ ^ {r ' Xr)dr " 2/>{r ' Xr)d ' r d«|^ = x} , 
where when p = 1, £/ie inequality is understood as its limit as p \.\: 
P s , t (/ 2 log/ 2 )(x) - (P s , t / 2 logP s , t / 2 )(x) 
< 4E||VV|t(^)^- 2/ ^ (r ' Xr)d ^ 2/ " a(r ' Xr)dir dn|X s = xj . 

(4) For any 0<s<t<T C; xGM and positive f G C£(M) 3 

|V s P s ,*/| 2 (x) 

< [F M r-(p M /r](x) 

" P(p-1) r s *(E{(P Ujt /) 2 ^(X u )exp[-2 r;K(r,X r )dr-2/>(r,X r )d/ r ]|X s =x}) _1 dn' 
where when p = 1, the inequality is understood as its limit as p \.\: 

\V s P st f\ 2 (x) < — [P s Aflogf)-(P s ,tf)logPs,tf](x) 



I (E{p u ,J(X u )e- 2 ^^^ dr - 2 /"^) d ^|X s = x}) "du 

J S 
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Proof. By the derivative formula established in Theorem h.L\ it is easy to derive (2) from (1); 

J4t1 

then according to Theorem we see that (2)-(4) implies (1); and finally, taking / G C^°(M), 
Ntf = and / is constant outside a compact set, we derive (3), (4) from (2) by a similarly 

|Wbo ok2 Icheng 

discussion as in l[8t^ the proof of Theorem 2.3.1] for the case with constant metric or \[i.'Z\ 
Theorem 4.1] for the extensions to time-inhomogeneous manifolds without boundary. □ 

| rl | Remark 5.2. When the family of the metric evolves under Ricci flow with boundary condition 

IShen 

It = A (•, -) t , AgI (see \ 2l\ for the short time existence of the flow). Then for the gt- Brownian 
motion, we have 

\V s P s , t f(x)\v < E{|V*/|f (X t ) e W [-pHk ~ l,)]\Xs = x} 
holds forxGM, and < s < t < T c , f G C^(M). 

Let ip : M + — > M + be a non-decreasing function, we define a cost function 

C t (x,y) = <p(p t (x,y)). 

To the cost function Ct, we associate the Monge-Kantorovich minimization between two proba- 
bility measures on M, 



4t3 



W Ct {n,v)= inf / C t (x,y)dr)(x,y), (5.1) [^3 
rjewi^u) JmxM 1 



where ^(fJ,, v) is the set of all probability measures on M x M with marginal \i and v. We 
denote 

W p ^u) = {W^v)) l lv 

the Wasserstein distance associated to p > 0. 

Below this is our main result in this section, which is an extension of fr2 nj Th eorem 4.3] to 

|W09a, W10. WPC 

manifolds carrying convex flow. From technic viewpoint. See l[34", ~36, 3V] the corresponding 
conclusions for the constant manifold with boundary. 

Theorem 5.3. Let p G [l,oo), and let {p s ,t}o<s<t<T c be the heat kernel of {P s ,t}o<s<t<T c w.r.t. 
measure fit equivalent to the volume measure w.r.t. gt. Then the following assertions are equiv- 
alent each other: 

(1) (|j V j|) holds 

(2) For any x,y G M and < s <t <T C , 

W p ,t(5 x P s ,t,6 y P s>t ) < Ps (x,y)e-^ K ^ dr . 

(2') For any pi, P2 G &(M), the space of all probability measure on M , and < s < t < T c , 

W p>t (viP.,t,V2P a ,t) < W PtS (u u v 2 )e-^ K ^ dr . 
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(3) When p>l, for any f G 3§t{M) andO<s<t<T c , 



P 

p — 1 



C(s,t,K)p 2 s (x,y) 



(P s ,tfT(x)<Ps,tf p (y)e W 

where C(s,t,K) = 4 J^e 2 ^ K(u)du^ r _ fceeps i/te same meaning in (4)-(6). 

(4) For any f G @£(M) with f > 1 and < s < f < T c , 

P s ,t log /(s) < log P s>t f(y) + C(s, t, K)p 2 s (x, y). 

(5) When p > 1, for any < s < t < T c and x, y G M, 



, \ / Ps,t(x,y \h 

Ps,t{x,y) ? r ^(dz) < exp 

m \Ps,t{y^ z )J 



(6) For any < s < i < T c and x, y G M, 



P 



r C( S ,t,K)^( X) y) 



Ps,t(x, y) log Ps,f X ' ^ p t (dz) < p 2 s {x,y)C{s,t,K). 

m p s ,t(y,z) 

(7) For any 0<s<u<t<T c and 1 < q± < qi such that 

02 _1 Jt 2 i: K(r)dr dz 



qi -l r« e 2/;if(r)dr d; 



i/iere /io/ds 



{^,4^,t/) 92 } 92 < (^,t/ 91 ) 91 , / G K( M )- 

J3e1.1 

(8) For any 0<s<n<t<T c and < (72 < 91 or 02 < Qi < snc/i i/iai (p.2\) holds, 

[p s ,tf qi W < {PsAPu, t f) q2 }^, f s a£(M). 

(9) For any < s < u <t < T c and f G C#(M), 

|V S P S , 4 /|? < e-f/>W dr P Sit |VV|?- 

(10) For any 0<s<n<i<T c and positive f G C^(M), 
(p A 2){P M / 2 - (F Sji / 2 /(P A2 )r 2 } ' 



< (7 e-^X^dn) P.,*|V*/|?. 



(5.2) 



4(p A 2 - 1) 

When p = 1, the inequality reduces to the log-Sobolev inequality 

PsAf^ogf 2 ) - (F M / 2 )logF M / 2 < Uj\- 2 H K ^r d \ PsAV t nl 

Proof. First, by Theorems \\l . '6 \ Iff. 1 1 and lb .T| the inequalities (2)- (10) can be derived from (1) by 
a similar discussion as in eorem 4.4] for the case without boundary. 

Then, we assume (4) and prove (1). For a fixed point x G M°, t G [0, T c ) and X G T X M, 
taking / G Q)°(M) such that V*/ = X, Hess^x) = and / = in a neighborhood of dM. The 
argument in eorem 4.4] works well for this case, i.e. IZf > K(t) can be induced from (4). 

ITT -form 

So, it only leaves for us to derive It > 0. Since by Theorem 113 .4| we only need to consider the 
term with order \ft. So we do not need to care about the terms, which come from dtgt, since 
they at least have order t. Therefore, by a similar procedure as in time-homogeneous case (see 
I'SS'J). We conclude that dM is convex under g t for all t G [0, T c ). □ 
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6 Coupling method for Harnack inequality and extension to 
non-convex flow 



In this section, we want to use coupling method to give an alternative proof of Harnack inequality, 
i.e. "(1) implies (3), (4) in Theorem 5.3". 

6.1 Harnack inequality by coupling method 



e2 



In this section, we suppose (p4.4|) holds. Let x,y G M, T G (0,T C ) and p > 1 be fixed such that 
x^y. For 9 G (0,2), let 

£t = (2- #) e - 2 /o *Mdr (j\ 2 S° K ^ dr ds - j\ 2 ^Wr d \ (fU) 
Then £ is smooth and strictly positive on [0, T] such that 

2 + 2K(t)Zt+& = 0, *€[0,T C ), (6.2) ^4 

and 

£o = (2-0) FjKxW'ds. 
Jo 

Consider the coupling 

f d/X* = v^UtdBi + Z t (X t )dt + N t (X t )dlt, X = x, 

\d 7 y t = v^Plr^K^cLBt + z t (Y t )at + ± Pt (x t , r t )v*pt(-, y t )(jf t )dt + i\r t (y t )dit, y = */. 

(6.3) ^ 

Since the additional drift term ^ 1 pt(x,y)V t p t (-,y)(x) is locally differentiable, the coupling 
(Xt,lt) is a well-defined continuous process for t < £, where £ is the explosion time of Yj; 
namely, C = lhrin-^oo £ n for 

Cn := mf{t G [0,T] : p t (Yt,o) > n}, inf = T. 

Let 



^6 j d , Pt(Xt,Yt) ,, 
dB t = dB t H r= dt. 

v2£t 



If C = T, 



i? s := exp 



f s pj^^(yt pt{ . :Yt){XtlutdBt) 1 f 1 ( x 4 ,y,) 2 dt 



is a uniformly integrable martingale for s G [0,T), then by the martingale convergence theorem, 
Rt := lim^T i?t exists and {Rt}te[0,T) is a martingale. In this case, by the Girsanov theorem 
{ Bt}te[o,T) i s a ^-dimensional Brownian motion under the probability Rj<W. Rewrite (jl§T3p as 



(djXt = V2u t dB t + Z t (X t )dt - pt( ^' Vt) VVt(-, *t)(**)di + iV^dZt, X = x, 
\d/Y t = V^P^yUtdBt + Z t (Y t )dt + N t (Y t )dl t , Y = y. 

By the second variational formula and the index lemma, we have 

dp t (X t ,Y t ) < -K(t)p t (X t ,Y t )dt - PtiXt ' Yt) dt, t < T. 
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(6.4) 



e3 



This implies 

« St 

In particular, let £ 4 has the form as (jlop . We have ^ + 2K(t)£ t + 2 = 6*, f G [0, T). Since 
J* T £ t _1 di = oo, we will see that the additional drift — pt ^ x ^' Yt ^ 'V t pt(-,Yt)(Xt)dt is strong enough 
to force the coupling to be successful up to time T. So we first prove the uniform integrability 
of {-R S Ac}se[o,T) w.r.t. P so that Rta( '■= li m sfr Rsa( exists. Then, prove that ( = T, Q-a.s. for 
Q : = R TAC F so that Q = R T ¥. Let 

r n = inf{t G [0, T) : p t (o, X t ) + p t (o, Y t )>n}. 
Since Xt is non-explosive as assumed, we have r n f C as n t 00 • 
leml Lemma 6.1. Assume (gal) . Let G (0,2), x,y G P d and T > 6e /ixed 
(1) There holds 

sup E/W n logi2 sATB < /in, '' //! 



s e[0,T),n>l 40(2 - 0) J T e 2 Jo *(*0<ir da 

Consequent/?/, 

-^sAC : = I™ R sAt „a(T-1-)i s e [0>^c)j Rt/\( ■= u ™-RsAC- 
exist suc/i f/iaf {^sAc}se[o,T] *s a uniformly integrable martingale. 
(2) Let Q = R T ac f - Then Q(C = T) = 1 so t/iat <Q> = # T P. 



Proof. (1) Let s G [0, T) be fixed. By lp.'6\) and the curvature condition p.4|) . and the ltd 
formula, 

d^(X t ,y f ) < -2K{t)p 2 t {X u Y t )dt - 2 p2t{X c uYt) dt 
J2ag£ 

holds for f < sAr„. Combining this with (pb.2|) . we obtain 

d pKX t ,Y t ) ^_ p 2 t (Xt,Y t ) ^ t + 2Km + 2)dt = _ pUXt,Y t ) edL (65) ^ 

Multiplying by 4 and integrating from to s A r n , we obtain 



i, 



sATn ^(^^) dt< ^(»At»)(*«At»,1WJ ( ^(x, J,) 



/o £i ^sAr„ 0^0 

By the Girsanov theorem, {Bt}t< Tn As is the d-dimensional Brownian motion under the proba- 
bility measure -R sA r n P, so, taking expectation E StTl with respect to i2 SA7Vl P, we obtain 

• A '« pg(Jf t ,y t ) pg(g,y ) 
By the definition of -Rj and we arrive at 



E- , B / !^ dt<M, (6 . 6) 



p /" r pt{x t ,Y t ) , t . i r f t j / , 



f r pt(X t ,Y t ) i t ~\ 1 r f$(X t ,Y t ) ^ 
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Iem2 



2t2 



Since {Bt} is the d-dimensional Brownian motion under i? sATn P up to s A r n , combining this 
with (pb.b|) . we obtain 



Ei? sATr lo K i?. 



E s>n log R sA r n < 



By the martingale convergence theorem and the Fatou lemma, {RtAS, '■ s E [0,7c)} is well-defined 
martingale with 

Ei? sAC log i? sAC < 



40(2-0)J o T e 2 /o i ^) dr ds' 
To see that {R s a( '■ s E [0, T]} is a martingale, let < s < i < T. By the dominated convergence 
theorem and the martingale property of {R sATn : s £ [0, T)}, we have 

E(R tAC \^ s )=E{ lim iW„A(T-i/n)l^ s ) = I™ E(lW»A(T-l/n) |^ s ) 

= lim R s Ar n = R S AC- 
n— >oo 

(2) Let a n = inf{i £ [0, T] : pt(o,Xt) > n}. We have cr n f oo P-a.s and hence, also Q-a.s. Since 
{Bt} is a Q-Brownian motion up to T A £, it follows from (jj§75]) that there exists a constant 
C := inf te[0jT] e 2 io tif ( r ) dr > such that 



C(n — m) 



(cr m >t,(n<t)< E< 



PtAa m A( n ( X tAa m A( n , Y tA a m A( n ) Pp(x,y) 



^ ^„ //t " - j u/fr — 11 y — V. A — 

SO «Acr m ACn SO 

holds for all n > m > and t G [0, T). By letting first n f oo then m f oo, we obtain 
Q(C < i) = for all t £ [0, T). This is equivalent to Q(£ = T) = 1 according to the definition of 

C- □ 

[lem1 

Lemma lib. II ensures that under Q := i?r A ^P, {Bt\t^\o,T c ) is a Brownian motion. Then by 

fl|§3]) , the coupling (Xt,Yj) is well-constructed under Q for t G [0, T]. Since fT ^^dt = oo, 

we shall see that the coupling is successful up to time T, so that Xt = Yt holds Q-a.s.. This 

p.t.9 

will lead to prove the desired Harnack inequality for {Ps,t}o<8<t<t c according to Theorem \b.'6\ 
provided Rta( has finite p/(p — l)-moment. The next lemma provides an explicit upper bound 
on moments of Rta(- 

Lemma 6.2. Assume pSf]) holds. Let Rt and £t be fixed for G (0, 2). One has 

vpl{x,y) 



sup E J R fl 1 + 1/(p_1) < exp 

s6[0,T] 



4(p - 1) 2 0(2 - 0) / T e 2 fo K(r)dr ds 



ATW 



The proof is similar as in the proof of \S, Theorem 2], we omit it here. 
Theorem 6.3. Assume §Ia\) holds, then 



(1) P s ,t log f(y)< log P s , T f(x) + 



p 2 s ( x <y) 



T ~E K(u)du 



dr 



, /or < S <T <T C . 



(2) For p > 1 and < S < T < T C; £/te Harnack inequality 

(P Sl Tf(y)T<(Ps,Tf p (x))™p 

holds x,y £ M and f G 38%{M). 



pp 2 s {x,y) 



A(p-1) fg e 2 fs K ( u ) du dr 
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Proof. (1) We only consider S = for simplicity. Since we have £ t 1 dt = oo, we get Xt = Yt 
Q-a.s.. Now combining Lemma lb. II with Xt = Yt, and using the Young inequality, for / > 1 
we have 

P 0)T log/(y) = E Q [log/(y T )] = E[i? TAC log/(X T )] < Ei? TAC logi?TAC + logE/(X T ) 

< log P„, T/w + -^|ML_ . 

This completes the proof of (1) by taking 9 = 1. 

(2) Since Xt = Yt and {-Bt}te[o,T c ) is the <i-dimensional Brownian motion under Q, we have 

(Po,Tf(y)) p = (E Q [/(y r )]) p = (E[R TAC f(X T )]T < (Po,T/ p (x))(E< A ( J- 1) r 1 . (6.7) 

I I I Rffl2 

We complete the proof by combining Lemma 116.^1 □ 
6.2 Extension to the case with a diffusion coefficient 

In this subsection, we consider the diffusion process generated by Lt := ?/>f (A^ + Zt) on Rieman- 
nian manifold (M,gt) with convex boundary dM for all t € [0,T C ), where ipt £ C 1 (M) and Z is 
a C 1,1 -vector field on M. Assume that ipt is bounded and 

Ricf > -Ktit), d t g t <K 2 (t), I t > (6.8) 

hold for some continuous function on [0,T C ). Then the (reflecting) diffusion process generated 
by Lt is non-explosive by l[T2, _ feorollary 2.2]. 

Let P S) t be the (Neumann) semigroup generated by Lt- Then P s ^ is the semigroup for the 
solution to the SDE 

d T X t = V2MXt)u t dB t + ^(X t )Z t (Xt)dt + N t (X t )dlt, (6.9) 

where B>t is the d-dimensional Brownian motion on probability space (f2, {^t}t>o, ut is the 
horizontal lift of Xt onto the frame bundle Ot(M), and It is the local time of Xt on dM, when 
dM = 0, we simply set It = 0. 

To derive the Harnack inequality, we assume that for T £ (0,T C ), 

At := inf IV^O^)! > 0> $T '■= sup (supV>t — mf ipt) < oo. 
(t,x)e[0,T]xM te[o,T] 

Now, let x,y £ M and T £ (0, T c ) be fixed. Let be the Riemannian distance on M, i.e. 
pt(x,y) is the length of the ^-minimal geodesic on M linking x and y, which exists if (dM,gt) 
is either convex or empty. 

Let X t solve (|lb D ^p with Xq = x. Next, for strictly positive function £ t € ([0, T)), let solve 

^ (Y) Pt (x t , Y f ; 

(6.10) 

for Yq = y, where It is the local time of Yt on dM. In the spirit of Theorem la. l[ we may assume 
that the cut-locus of M is empty such that the parallel displacement is smooth. 



d 7 Y t = ^t{Yt)P l XuYt utd B t + MYtfZt(Y t )dt - „!7t J' V*M*t, ■)(**)<!* + N t (Yt)dl t 



e6 



condition 



SDE 



SDE2 
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R s := exp 



Let 

dB t = dB t + -^^-u^V t p t (;Y t )(X t )dt, t<T. (6.11) 

By the Girsanov theorem, for any s £ (0,T), the process {-Bt}te[o,s] is the d-dimensional Brow- 
nian motion under the changed probability measure i? s P, where 

Thus, by (jlOip we have 

djX t = V2MXt)u t dB t + ${X t )Z t {X t )dt - ^^VVt(-, Y t )(X t )dt + iV*(X*)dZ t ; 
djY t = V2MYt)Px uYt u t dBt + ^ 2 (y t )Z t (yt)di + N t {Y t )dl t . 
By the second variational formula and the index lemma, 

d Pt (X t ,Y t ) <T/2{MXt)-MYt))(^Pt(-,Y t ){X t ),utdB t ) - *&±Q dt 



+ ^ u?(t, x ti Y t )pt{x u Y t ) + $(x t ) (vV*(-, ^TO> t 

^ 1=1 

+ $(K t ) (vVt(*t, •)(**), Zt{Yt)) t + \ J* dtgtdis), j(s))ds\dt 
where {Ui}f~l are vector fields on M x M such that V*f7j(t, X t , F t ) = and 

y t ) = ^(X^ + ^Ot)^,^, 1 < i < d- 1 

for {^}f =1 an 5i -OBN of T Xt M with F d = V 1 p t {-,Y t ){X t ). p t is short for p t (X t , Y t ) and 7 is the 
gt-geodesic connecting Xt and Yf. With a similar discussion as in Proposition 4.3, we obtain the 
following estimation. 



dp t (x t ,Y t ) <^(^(^)-^(y t ))(vVt(-,^)(^),n t ds t ) t + ^(t) Pt (x t ,y t )dt 

- Pt(X !' Yt) dt, t<T, (6.12) 

where i^(f) = (d- l)||Vtyt|& + 2||^ ||Vt||oo]| VVt]|oo + \K 2 (t). This implies 

that 

d A (x,,F t ) 2 <g^ Pt (x f ,yo(^W-^(y«))(v t Pt(-,y t )TO»« t dg t ) 
St St \ /* 

- K - (2|| Wt foo + 2K*(t))6 + 2] dt 

St 

Let 

£(t) := 2K^{t) + 2||VVt||L = 2e£||W*llSo + 2i^)||^||L + 4||^||oo||^||oo||VVt||oo + K 2 (t). 
In particular, letting 

& = (2- 8)e 2 tiK(r)dr y\-2foK(r)dr ds _ J* & -2f° ^(r)dr d ^ ? f £ £ £ (0? 2) 
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We have 

2 - K(t)tt + i' t = e. 

Therefore, the following results following immediately by combining the discussion as the case 
with constant coefficient. 

S|) holds. Let Zt,ipt be bounded on M such that 
K(t) := 2iT 1 (t)||^||L + ^I^H^II^IIoollV^lloo + 2d||VVt|lL + K 2 (t) < oo 
for t G [0,T C ). Then 



p 2 s ( x >y) 

JS 

St\2 r ._ „„„/i_ A 2 



(1) P SjT log f(y) < log P s , T f(x) + . fT ? 7^ (r)drjj , / > 1, x,y G M, < S < T < T c . 



(2) For p > (1 + ^) , 5p := maxjoY, ~~^{\/P~ 1)} andO < S < T < T c , the Harnack inequality 

(Ps,Tf{y)r < {P S ,Tf p (x))exp — — — w 

6.3 Extension to manifolds with convex boundary 

In this subsection, we come back to consider the process Xt generated by Lt = At + Zt on the 
time-inhomogeneous space with boundary, which is possible non-convex under some gt- Assume 
that 9 ^ and for some K x , K 2 G C([0, T c )) such that 

Ricf > -Kx(t), d t g t < K 2 (t) (6.13) [3^T 

holds. Let ^ G £F, then as explained, gt = (f>t 2 9t is a convex flow. Since <f>t > 1, pt(x,y) is large 
than pt(x,y), the Riemannian ^-distance between x and y. Recall the results induced from the 
proof of Proposition llo[ 

L t = cf)t 2 (A t + Z t ), Rfof>-^,i(t), dtgt^K^t), 

where Z t = 2 Z 4 + ^V^f, 

2fy,i(t) = sup^i)^ 2 - &A t & + (d - 3)]VVt|f + 2|Z t | t t |VVt|t}, 

and 

#*, 2 (t) = sup{ET 2 (t) - 20 i - 1 d t <M- 

M 



Applying Theorem lb. 41 to the convex manifold (M,gt), t G [0,T C ), ^ = ^ and 

^(i) = 2^ i i(t) + 4||^ t + (d-2)VVt||oo||VVt||oo + 2d||VVdlL + ^ > 2W <oo- (6.14) [3^2" 
We obtain the following result. 

1 1 I3n.1 

HI3 Theorem 6.5. Assume (pxT3j) /toWs for Ki, K 2 G C([0, T c )). For any <j) G 9, let KJt) be fixed 



by (pb.l4|) . Then all assertion in Theorem llb.4l ZioZiis /or continuous function instead of K, 
S T :=1- sup t6[0>T] inffo 1 , and X T := mf [0iT]xM fo 1 . 



Acknowledgements The author would thank Professor Feng-Yu Wang for valuable suggestions 
and this work is supported in part by 985 Project, 973 Project. 



25 



References 

1. Arnaudon, M., Coulibaly, K., Thalmaier, A., Brownian motion with respect to a metric 
depending on time: definition, existence and applications to Ricci flow, C. R. Math. Acad. 
Sci. Paris 346 (2008), no. 13-14, 773-778. 

2. Arnaudon, M., Coulibaly, K., Thalmaier, A., Horizontal diffusion in C 1 path space, 
Seminaire de Probabilites XLIII, 73-94, Lecture Notes in Math., 2006, Springer, Berlin, 
2011. 

3. Arnaudon, M., Thalmaier, A., Wang, F.-Y., Harnack inequality and heat kernel estimates 
on manifolds with curvature unbounded below, Bull. Sci. Math. 130 (2006), no. 3, 223-233. 

4. Bakry, D., L'hypercontractiviteet son utilisation en theorie des semigroupes, (French) [Hy- 
percontractivity and its use in semigroup theory] Lectures on probability theory (Saint- 
Flour, 1992), 1-114, Lecture Notes in Math., 1581, Springer, Berlin, 1994. 

5. Bakry, D., On Sobolev and logarithmic Sobolev inequalities for Markov semigroups, New 
trends in stochastic analysis (Charingworth, 1994), 43-75, World Sci. Publ., River Edge, 
NJ, 1997. 

6. Bakry, D., Emery, M., Hypercontractivitede semi-groupes de diffusion, (French) [Hypercon- 
tractivity for diffusion semigroups] C. R. Acad. Sci. Paris Ser. I Math. 299 (1984), no. 15, 
775-778. 

7. Besse, A. L., Einstein manifolds, Ergebnisse der Mathematik und ihrer Grenzgebiete (3) 
[Results in Mathematics and Related Areas (3)], 10. Springer- Verlag, Berlin, 1987. xii+510 
pp. 

8. Bismut, J. -M., Large deviations and the Malliavin calculus, Progress in Mathematics, 45. 
Birkhauser Boston, Inc., Boston, MA, 1984. viii+216 pp. 

9. Cranston, M., Gradient estimates on manifolds using coupling, J. Funct. Anal. 99 (1991), 
no. 1, 110-124. 

10. Chen, X., Stochatic analysis on path space over a compact manifold endowed with a 
Brownian measure associated with a time changing Riemannian metric, preprint(2012). 

11. Cheng, L., Stochastic analysis on path space over time inhomogeneous manifolds with 
boundary, preprint(2012). 

12. Cheng, L., Diffusion process on time-inhomogeneous Manifolds, preprint(2012). 

13. Emery, M., Stochastic calculus in manifolds, With an appendix by P.-A. Meyer. Universitext. 
Springer- Verlag, Berlin, 1989. x+151 pp. 



26 



14. Elworthy, K. D., Li, X.-M., Formulae for the derivatives of heat semigroups. J. Funct. Anal. 
125 (1994), no. 1, 252-286. 

15. Fang, S., Wang, F.-Y., Wu, B., Transportation-cost inequality on path spaces with uniform 
distance, Stochastic Process. Appl. 118 (2008), no. 12, 2181-2197. 

16. Hsu, E. P., Stochastic analysis on manifolds, Graduate Studies in Mathematics, 38. American 
Mathematical Society, Providence, RI, 2002. xiv+281 pp. 

17. Hsu, E. P., Multiplicative functional for the heat equation on manifolds with boundary. 
Michigan Math. J. 50 (2002), no. 2, 351-367. 

18. Jost, J., Harmonic mappings between Riemannian manifolds, Proceedings of the Centre for 
Mathematical Analysis, Australian National University, 4. Australian National University, 
Centre for Mathematical Analysis, Canberra, 1984. iv+177 pp. 

19. Jost, J., Riemannian geometry and geometric analysis, Fourth edition. Universitext. 
Springer- Verlag, Berlin, 2005. xiv+566. 

20. Kasue,A., A Laplacian comparison theorem and function theoretic properties of a complete 
Riemannian manifold. Japan. J. Math. (N.S.) 8 (1982), no. 2, 309-341. 

21. Kasue,A., On Laplacian and Hessian comparison theorems. Proc. Japan Acad. Ser. A Math. 
Sci. 58 (1982), no. 1, 25-28. 

22. Kuwada, K., Philipowski, R., Non-explosion of diffusion processes on manifolds with time- 
dependent metric, Math. Z. 268 (2011), no. 3-4, 979-991. 

23. Kuwada, K., Philipowski, R., Coupling of Brownian motions and Perelman's /^-functional, 
J. Funct. Anal. 260 (2011), no. 9, 2742-2766. 

24. Kuwada, K., Convergence of time-inhomogeneous geodesic random walks and its application 
to coupling methods, to appear in Anal. Prob.. 

25. Krylov, N. V., Rozovski, B. L., Stochastic evolution equations, (Russian) Current problems 
in mathematics, Vol. 14 (Russian), pp. 71-147, 256, Akad. Nauk SSSR, Vsesoyuz. Inst. 
Nauchn. i Tekhn. Informatsii, Moscow, 1979. 

26. Qian, Z., A gradient estimate on a manifold with convex boundary, Proc. Roy. Soc. Edin- 
burgh Sect. A 127 (1997), no. 1, 171-179. 

27. Shcn, Y., On Ricci deformation of a Riemannian metric on manifold with boundary, Pacific 
J. Math. 173 (1996), no. 1, 203-221. 

28. Thalmaier, A., On the differentiation of heat semigroups and Poisson integrals, (English 
summary) Stochastics Stochastics Rep. 61 (1997), no. 3-4, 297-321. 



27 



29. Thalmaier, A., Wang, F.-Y., Gradient estimates for harmonic functions on regular domains 
in Riemannian manifolds, J. Funct. Anal. 155 (1998), no. 1, 109-124. 

30. Wang, F.-Y., On estimation of the logarithmic Sobolev constant and gradient estimates of 
heat semigroups. Probab. Theory Related Fields 108 (1997), no. 1, 87-101. 

31. Wang, F.-Y., Equivalence of dimension-free Harnack inequality and curvature condition, 
Integral Equations Operator Theory 48 (2004), no. 4, 547-552. 

32. Wang, F.-Y., Functional Inequalities, Markov Semigroups and Spectral Theory, Science 
Press, Beijing, 2005. 

33. Wang, F.-Y., Estimates of the first Neumann eigenvalue and the log-Sobolev constant on 
non-convex manifolds, Math. Nachr. 280 (2007), no. 12, 1431-1439. 

34. Wang, F.-Y., Second fundamental form and gradient of Neumann semigroups, J. Funct. 
Anal. 256 (2009), no. 10, 3461-3469. 

35. Wang, F.-Y., Semigroup properties for the second fundamental form, Doc. Math. 15 (2010), 
527-543. 

36. Wang, F.-Y., Harnack inequalities on manifolds with boundary and applications, J. Math. 
Pures Appl. (9) 94 (2010), no. 3, 304-321. 

37. Wang, F.-Y., Gradient and Harnack inequalities on noncompact manifolds with boundary, 
Pacific J. Math. 245 (2010), no. 1, 185-200. 

38. Wang, F.-Y., Harnack inequality for SDE with multiplicative noise and extension to Neu- 
mann semigroup on nonconvex manifolds, Ann. Probab. 39 (2011), no. 4, 1449-1467. 

39. Wang, F.-Y., Analysis for (Reflecting) Diffusion Processes on Riemannian Manifolds, Mono- 
graph to be published by World Scientific. 



28 



